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 .Let A, S be an Artin system of one of the types A , B , D . For X : S, wel l l
denote by A the subgroup of A generated by X. Such a group is called aX
 .parabolic subgroup of A, S . Let A be a parabolic subgroup with connectedX
associated Coxeter graph. We exhibit a generating set of the centralizer of A inX
A. Moreover, we prove that there exists X 9 : S such that A is conjugate to AX 9 X
and such that the centralizer of A in A is generated by the centers of all theX 9
parabolic subgroups containing A . Q 1997 Academic PressX 9
1. INTRODUCTION
 .Let S be a finite set. A Coxeter matrix over S is a matrix M s ms, t s, t g S
indexed by the elements of S and satisfying
 .a m s 1 if s g S,s, s
 .  4b m s m g 2, 3, 4, . . . , q` if s, t g S and s / t.s, t t, s
 .A Coxeter matrix M s m is usually represented by its Coxeters, t s, t g S
graph G. This is defined by the following data.
 .a S is the set of vertices of G.
 .b Two vertices s, t g S are joined by an edge if m G 3.s, t
 .c The edge joining two vertices s, t g S is labeled by m ifs, t
m G 4.s, t
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 .  .The Coxeter system associated with M or with G is the pair W, S where
W is the group having the presentation
m s , t < :W s S st s 1 if m - q` . . s , t
The group W is called the Coxeter group associated with M. We say that M
 .or G is of finite type if its associated Coxeter group is finite.
 4We fix a set S s s ; s g S in one-to-one correspondence with S. Fors
s, t g S and for m g N we write
prod s , s , m s . . . s s s . .s t s t s^ ` _
m terms
 .  .The Artin system associated with M or with G is the pair A, S where A
is the group having the presentation
 < :A s S prod s , s , m s prod s , s , m if s / t and m - q` . .  .s t s , t t s s , t s , t
 .The group A is called the Artin group or the generalized braid group
associated with M.
Given X : S, we write
 .M s m ,X s, t s, t g X
G , the Coxeter graph which represents M ,X X
W , the subgroup of W generated by X,X
 4S s s ; s g X ,X s
A , the subgroup of A generated by S .X X
 .The group W is called a parabolic subgroup of W, S , and the group AX X
 .is called a parabolic subgroup of A, S .
 .For a group G and for a subgroup H of G, we denote by Z G the
 .center of G and by Z H the centralizer of H in G.G
 .The quasi-center of the Artin system A, S is
QZ A , S s b g A; b ? S ? by1 s S . 4 .
Understanding the quasi-centers is important in the study of Artin groups,
especially those of finite type. Let G be a finite type Coxeter graph. Then
 .there is a distinguished element in QZ A, S called the fundamental
 .element of A, S and denoted by D. This element was first introduced by
w x w xGarside Ga for braid groups and then by Brieskorn and Saito BS and
w xDeligne De for all finite type Artin systems. It is defined in Section 2. If
 .G is connected, then QZ A, S is the infinite cyclic group generated by D.
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 .  .  .Moreover, either Z A s QZ A, S , or Z A is the cyclic group generated
by D2.
 4Let G be the Coxeter graph A of Fig. 1. We number S s s , . . . , sl 1 l
according to Fig. 1. It is well-known that W is the symmetric group on
 w x.l q 1 letters, and that A is the braid group on l q 1 strings see Ar . We
 4 w xset X s s , . . . , s for r F l. In FRZ , Fenn, Rolfsen, and Zhu character-1 r
ize the centralizer of A in A. In particular, they establish that this groupX
is generated by the centers of all the parabolic subgroups containing A ,X
 .  .namely, Z A is generated by D Z A . This result is not explicitlyA X Y = X Y
w x w xstated in FRZ but is a direct consequence of FRZ, Theorem 4.2 . For a
finite type Coxeter graph G and for X : S, we denote by D the funda-X
mental element of A . Consider the example where G s A and X sX 4
 4s , s . Trying to generalize the result stated above, I established that the2 3
 .centralizer of A in A is not generated by D Z A . Indeed, theX Y = X Y
 .element D D is in Z A but is not in the subgroup of A generated byS X A X
 .  .D Z A . However, one can see that Z A is generated byY = X Y A X
D D , D2 , D2 , D2 , D2 . 4S X S X s , s , s 4 s , s , s 41 2 3 2 3 4
y1  .Moreover, there exists b g A such that b S b s S and Z AX s , s 4 A s , s 41 2 1 2
 .is generated by D Z A .Y = s , s 4 Y1 2
The goal of this paper is to generalize this to Artin groups of type A ,l
B , and D . More precisely, we prove the following theorems.l l
FIGURE 1
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THEOREM 1.1. Let
 4  4  4G g A ; l G 1 j B ; l G 2 j D ; l G 4 .l l l
 .Let X : S be such that G is connected. Then Z A is generated byX A X
D ; Y = X and D s Dy1 s s for all s g X 4Y Y s Y s
 4j s ; m s 2 for all s g Xt s , t
j D D ; Y , Y 9 = X and D s Dy1 s D s Dy1 for all s g X . 4Y Y 9 Y s Y Y 9 s Y 9
Let X, X 9 : S. We say that X and X 9 are G-equi¨ alent if there exists
b g A such that b ? S ? by1 s S . In particular, b A by1 s A .X X 9 X X 9
THEOREM 1.2. Let
 4  4  4G g A ; l G 1 j B ; l G 2 j D ; l G 4 .l l l
Let X : S be such that G is connected. Then there exists X 9 : S such that XX
 .and X 9 are G-equi¨ alent and such that Z A is generated by the centers ofA X 9
 .all the parabolic subgroups containing A . Namely, Z A is generated byX 9 A X 9
 .D Z A .Y = X 9 Y
 .The finite type and connected Coxeter graphs are exactly A l G 1 , Bl l
 .  .  .  .l G 2 , D l G 4 , E , E , E , F , G , H , H , and I p p G 5 . Onel 6 7 8 4 2 3 4 2
can easily verify that Theorem 1.1 and Theorem 1.2 hold for G s G and2
 .for G s I p . However, I can prove that neither Theorem 1.1, nor2
Theorem 1.2 hold for G s H . I think that Theorem 1.1 and Theorem 1.23
hold for F , but do not hold for E , E , E , and H . This explains why the4 6 7 8 4
proofs of these theorems have to be made case by case.
Our work is organized as follows. In Section 2 we recall some well-known
results concerning Coxeter groups and Artin groups. In Section 3 we prove
Theorem 1.1 and Theorem 1.2 for G s A . In Section 4 we prove Theoreml
1.1 and Theorem 1.2 for G s B . In Section 5 we prove Theorem 1.1 andl
Theorem 1.2 for G s D .l
2. PRELIMINARIES
Throughout this section, we assume that G is a Coxeter graph, that
 .  .W, S is its associated Coxeter system, and that A, S is its associated
Artin system.
Every w g W can be written w s s . . . s where s g S for all i s1 r i
1, . . . , r. If r is as small as possible, then r is called the length of w and is
 .denoted by l w , and w s s . . . s is called a reduced expression of w.1 r
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 w x.PROPOSITION 2.1 Bourbaki Bo, Chap. IV, Sect. 1, Ex. 22 . Let w be0
an element of W. The following statements are equi¨ alent.
 .  .  .1 l sw - l w for all s g S.0 0
 .  .  .2 l w s - l w for all s g S.0 0
 .  .  .  .3 l ww s l w y l w for all w g W.0 0
 .  .  .  .4 l w w s l w y l w for all w g W.0 0
Such an element is unique and exists if and only if W is finite. Then it is the
unique element of maximal length in W.
We denote by u : A ª W the natural morphism which sends s on s fors
all s g S. This morphism has a natural set-section t : W ª A defined as
follows. Let w g W. We choose any reduced expression w s s . . . s of w1 r
and we set
t w s s . . . s g A. . s s1 r
w xBy Tits' solution of the word problem for Coxeter groups Ti , the defini-
 .tion of t w does not depend on the choice of the reduced expression
of w.
Let G be of finite type. The fundamental element of A is defined to be
D s t w , .0
 .where w is the element of W of maximal length see Proposition 2.1 .0
 w x w x.PROPOSITION 2.2 Brieskorn and Saito BS , Deligne De . Let G be of
 .finite type. Let w be the element of W of maximal length, and let D s t w0 0
be the fundamental element of A. There is a permutation d : S ª S such that
d 2 s id,
w s s d s w for all s g S, .0 0
Ds s s D for all s g S.s d  s.
 w x.THEOREM 2.3 Bourbaki Bo, Planches . We number the ¨ertices of Al
 .  .  .l G 1 , B l G 2 , and D l G 4 according to Fig. 1. Let d : S ª S be thel l
permutation of Proposition 2.2.
 .  .i If G s A l G 1 , then d is defined byl
d s s s i s 1, . . . , l . .  .i lq1yi
 .  .ii If G s B l G 2 , then d s id.l
 .  .iii If G s D l G 4 and if l is e¨en, then d s id.l
 .  .iv If G s D l G 5 and if l is odd, then d is defined byl
d s s s , d s s s , d s s s if i F l y 2. .  .  .ly1 l l ly1 i i
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 w x w x.THEOREM 2.4 Brieskorn and Saito BS , Deligne De . Let G be finite
type and connected.
 .  .  .i The quasi-center QZ A, S of A, S is the infinite cyclic subgroup
generated by the fundamental element D.
 .  .ii The center Z A of A is the infinite cyclic subgroup generated either
 . 2  .by D if d s id , or by D if d / id .
The Artin monoid associated with M is the monoid A generated by Sq
and subject to the relations
prod s , s , m s prod s , s , m if s / t and m - q`. .  .s t s , t t s s , t s , t
There is a natural morphism A ª A which sends s on s for all s g S.q s s
 w x w x.THEOREM 2.5 Brieskorn and Saito BS , Deligne De . If G is of finite
type, then the morphism A ª A is injecti¨ e.q
 w x w x.THEOREM 2.6 Brieskorn and Saito BS , Deligne De . Let G be of
finite type. Let b g A. Then b can be written
b s Dy2 m f ,
where m G 0 and f g A .q
Let G be of finite type. Let X : S. We denote by w the element ofX
 .  .maximal length of W Proposition 2.1 and we set D s t w . WeX X X
denote by d : X ª X the permutation which satisfiesX
w s s d s w .X X X
 .  .  .for all s g X Proposition 2.2 . We set d X s 2 if d / id, and d X s 1X
if d s id. By Theorem 2.4, if G is connected, then the center of A isX X X
d X .  4generated by D . Let t g S _ X. We write Y s t j X and we setX
D t , X s t w wy1 . .  .Y X
Since w g W ,X Y
l w wy1 q l w s l w Proposition 2.1 , .  .  . .Y X X Y
thus
t w wy1 t w s D t , X D s t w s D .  .  . .Y X X X Y Y
« D t , X s D Dy1 . . Y X
If s g X, then
D t , X s s s D t , X , .  .s s9
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 . .where s9 s d d s . In particular,Y X
D t , X ? S s S ? D t , X , .  .X X 9
 .where X 9 s d X . Note that if m s 2 for all s g X, then X 9 s X andY s, t
 .D t, X s s .t
 .Let X, X 9 : S. A X 9, X -conjugator is an element a g A such that
y1  .  4a ? S ? a s S . If t g S _ X and X 9 s d X where Y s t j X,X X 9 Y
 .  .  .then D t, X is a X 9, X -conjugator. Such a X 9, X -conjugator is called
 .an elementary X 9, X -conjugator.
 w x.THEOREM 2.7 Paris Pa . Let G be of finite type. Let X, X 9 : S, and let
b g A. The following statements are equi¨ alent.
 .1
b ? S ? by1 s S .X X 9
 .2 b can be written
b s Dy2 mu . . . u u ¨ ,n 2 1
 .where m G 0, ¨ g QZ A , S , and there exists a sequence X s X,X X 0
 .X , . . . , X s X 9 of subsets of S such that u is an elementary X , X -con-1 n i i iy1
jugator for all i s 1, . . . , n.
3. THEOREM 1.1 AND THEOREM 1.2 FOR G s Al
 .Throughout this section, we assume that G s A l G 1 . The setsl
 4  4S s s , . . . , s and S s s , . . . , s are numbered according to Fig. 1.1 l 1 l
The following Lemmas 3.1]3.5 are preliminary results to the proofs of
Theorems 1.1 and 1.2 for G s A .l
LEMMA 3.1.
D s s s s s s s . . . s . . . s s .  .  .1 2 1 3 2 1 l 2 1
s s s . . . s . . . s s s s s s . .  .  .1 2 l 1 2 3 1 2 1
w xProof. Let w be the element of W of maximal length. By Ha ,0
w s s s s s s s . . . s . . . s s .  .  .0 1 2 1 3 2 1 l 2 1
s s s . . . s . . . s s s s s s .  .  .1 2 l 1 2 3 1 2 1
are reduced expressions of w . Thus0
D s t w s s s s s s s . . . s . . . s s .  .  .  .0 1 2 1 3 2 1 l 2 1
s s s . . . s . . . s s s s s s . .  .  .1 2 l 1 2 3 1 2 1
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 4  4For r g 1, . . . , l and for p g 0, 1, . . . , l y r , we write
r  4X s s , s , . . . , s ,p pq1 pq2 pqr
r  4Y s s , s , . . . , s , s , . . . , s .p 1 2 p pq1 pqr
By Theorem 2.3,
y1
r r r rD ? S ? D s S . .  .Y X Y Xp 0 p p
w x r rBy Pa, Theorem 4.1 , if X : S is G-equivalent to X , then X s X forp q
 4some q g 0, 1, . . . , l y r .
 4  4 rLet r g 1, . . . , l , let p g 0, 1, . . . , l y r , and let t g S _ X . Let q gp
 40, 1, . . . , l y r such that
D t , X r ? S r s S r ? D t , X r . .  .p X X pp q
Then we set
u t , X r s D r ? D t , X r ? D r . .  .p Y p Yq p
 .Let X : S. We define the quasi-centralizer of A , S in A to beX X
QZ A , S s a g A; a ? S ? ay1 s S . .  4A X X X X
 4 r  .LEMMA 3.2. Let r g 1, . . . , l . We write X s X . Then QZ A , S is0 A X X
the subgroup of A generated by
2
rD ; 0 F p F l y r . 5Yp
r r  4j u t , X ; 0 F p F l y r and t g S _ X j D . 4 .p p X
Proof. Let G be the subgroup of A generated by
2
rD ; 0 F p F l y r . 5Yp
r r  4j u t , X ; 0 F p F l y r and t g S _ X j D . 4 .p p X
 .One can easily verify that G : QZ A , S .A X X
 .Let b g QZ A , S . By Theorem 2.7, b can be writtenA X X
b s Dy2 mu . . . u u ¨ ,n 2 1
 .where m G 0, ¨ g QZ A , S , and there exists a sequence 0 s p ,X X 1
 r r .p , . . . , p s 0 such that u is an elementary X , X -conjugator. By2 nq1 i p piq1 i
Theorem 2.4, there exists k g Z such that ¨ s Dk . By definition, each uX i
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 r . rcan be written u s D t , X where t g S _ X . Thusi i p i pi i
b s Dy2 m ? D t , X r ? . . . ? D t , X r ? D t , X r ? Dk .  .  .n p 2 p 1 p Xn 2 1
y2 y2y2 m y1 r
r r rs D ? D ? D D t , X D ? D ? . . . ? D .  .  . /X X n p Y Y Yn p p pn n 3
y2r r ky1
r r r r? D D t , X D ? D ? D D t , X D ? D .  . . /  /Y 2 p Y Y Y 1 p X Xp 2 p p p 13 2 2 2
y2 y2y2 m y1 r
r r rs D ? D ? u t , X ? D ? . . . ? D .  .  .  .Y X n p Y Yly r n p pn 3
y2r r ky1
r? u t , X ? D ? u t , X ? D . .  . .2 p Y 1 p X2 p 12
 .So, b g G. This shows that QZ A , S : G.A X X
 4 r  .LEMMA 3.3. Let r g 1, . . . , l . We write X s X . Then QZ A , S is0 A X X
the subgroup of A generated by
2
r  4  4D ; 0 F p F l y r j s ; r q 2 F i F l j D . . 5Y i Xp
Proof. Let G be the subgroup of A generated by
2
r  4  4D ; 0 F p F l y r j s ; r q 2 F i F l j D . . 5Y i Xp
 .One can easily verify that G : QZ A , S .A X X
 .In order to prove that QZ A , S : G, by Lemma 3.2, it suffices toA X X
 r . rshow that u s , X g G if 0 F p F l y r and s g S _ X .i p i p
If 1 F i F p y 1, then
D s , X r s s , .i p i
D r ? s s s ? D r Theorem 2.3 , .Y i j Yp p
where j s p q r q 1 y i G r q 2. Thus
2r
r r ru s , X s D ? s ? D s s ? D g G. .  .i p Y i Y j Yp p p
We suppose that i s p. We consider the following equalities:
D r s s . . . s s ? D r Lemma 3.1 .  .s 4j X pqr pq1 p Xi p p
y1r
r rD s , X s D ? D s s . . . s s .  .i p s 4j X X pqr pq1 pi p p
D r s D r ? s . . . s s Lemma 3.1 .  .Y Y pqr 2 1p py1
D s , X r ? S r s S r ? D s , X r Theorem 2.3 . .  .i p X X i pp py1
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u s , X r ? s s . . . s . .i p rq2 rq3 pqr
s D r ? D s , X r ? D r ? s s . . . s . .Y i p Y rq2 rq3 pqrpy 1 p
s D r ? s . . . s s ? D r ? s s . . . s .  .Y pqr pq1 p Y rq2 rq3 pqrpy 1 p
s D r ? s . . . s s ? s s . . . s ? D r .  .Y pqr pq1 p py1 py2 1 Ypy 1 p
Theorem 2.3 .
2
rs D . .Yp
Thus
2 y1r
ru s , X s D ? s s . . . s g G. . .  .i p Y rq2 rq3 pqrp
We suppose that i s p q r q 1. We consider the following equalities:
D r s s . . . s s ? D r Lemma 3.1 .  .s 4j X pq1 pqr pqrq1 Xi p p
y1r
r rD s , X s D ? D s s . . . s s .  .i p s 4j X X pq1 pqr pqrq1i p p
D r s s . . . s s ? D r Lemma 3.1 .  .Y 1 pqr pqrq1 Ypq 1 p
D s , X r ? S r s S r ? D s , X r Theorem 2.3 . .  .i p X X i pp pq1
s s . . . s ? u s , X r .  .pq rq1 pqr rq2 i p
s s s . . . s ? D r ? D s , X r ? D r .  .pq rq1 pqr rq2 Y i p Ypq 1 p
s s s . . . s ? D r ? s . . . s s ? D r .  .pq rq1 pqr rq2 Y pq1 pqr pqrq1 Ypq 1 p
s D r ? s s . . . s ? s . . . s s ? D r .  .Y 1 2 p pq1 pqr pqrq1 Ypq 1 p
Theorem 2.3 .
2
rs D . .Ypq 1
Thus
2y1r
ru s , X s s s . . . s ? D g G. . .  .i p pqrq1 pqr rq2 Ypq 1
If i G p q r q 2, then
D s , X r s s , .i p i
2r
r r ru s , X s D ? s ? D s D ? s g G. .  .i p Y i Y Y ip p p
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 4 rLEMMA 3.4. Let r g 1, . . . , l . We write X s X .0
 .  .i If r s 1, then Z A is the subgroup of A generated byA X
2
1  4  4D ; 0 F p F l y 1 j s ; 3 F i F l j D . . 5Y i Xp
 .  .ii If r G 2, then Z A is the subgroup of A generated byA X
2 2
r  4D ; 0 F p F l y r j s ; r q 2 F i F l j D . 4 . 5Y i Xp
 .  .  4  .Proof. Since QZ A , S s Z A if X s s , Statement i is aA X X A X 1
direct consequence of Lemma 3.3.
Now, we assume that r G 2. Let G be the subgroup of A generated by
2 2
r  4D ; 0 F p F l y r j s ; r q 2 F i F l j D . 4 . 5Y i Xp
 .One can easily verify that G : Z A .A X
 .  .2 rLet b g Z A . The element D commutes with D if 0 F p FA X X Yp
.  . 2l y r , with s if r q 2 F i F l , and with D . Thus, by Lemma 3.3, eitheri X
 .  .b s b9D where b9 g G, or b g G. Since D f Z A Theorem 2.3 ,X X A X
 .we have b g G. This shows that Z A : G.A X
 4  4LEMMA 3.5. Let r g 1, . . . , l , and let p g 0, 1, . . . , l y r . We write
r  .X s X . Then Z A is the subgroup of A generated byp A X
D ; Y = X and d s s s for all s g X 4 .Y Y
 4j s ; m s 2 for all s g Xt s , t
j D D ; Y , Y 9 = X and d s s d s for all s g X . 4 .  .Y Y 9 Y Y 9
Proof. We assume that r G 2. The case where r s 1 can be proved in
the same way.
Let G be the subgroup of A generated by
D ; Y = X and d s s s for all s g X 4 .Y Y
 4j s ; m s 2 for all s g Xt s , t
j D D ; Y , Y 9 = X and d s s d s for all s g X . 4 .  .Y Y 9 Y Y 9
 .One can easily verify that G : Z A .A X
We know that
y1
r r rD ? S ? D s S , .  .Y X Y Xp 0 p
CENTRALIZERS OF PARABOLIC SUBGROUPS 411
 .rand Z A is generated byA X 0
2 2
r r 4D ; 0 F q F l y r j s ; r q 2 F i F l j D . .  5 5Y i Xq 0
 .Lemma 3.4 . Thus
y1
r r rZ A s D ? Z A ? D .  . .  .A X Y A X Yp 0 p
is generated by
2
r r r r rD ? D ? D ; 0 F q F l y r j D ? s ? D ; r q 2 F i F l 4 . 5Y Y Y Y i Yp q p p p
22
r r r rj D ? D ? D , D . .  . 5Y X Y Yp 0 p p
If 0 F p F q, then
2 2 2
r r r r rD ? D ? D s D ? D g G. .  .  .Y Y Y Y Yp q p p q
If 0 F q - p, then
2 2 2
r r r rD ? D ? D s D ? D g G Theorem 2.3 , .  . .  .Y Y Y Y Yp q p p
 4where Y s s , s , . . . , s .pyqq1 pyqq2 pqr
If r q 2 F i F p q r, then
2
r r rD ? s ? D s D ? s g G Theorem 2.3 , . .Y i Y Y jp p p
where j s p q r q 1 y i F p y 1.
If i s p q r q 1, then
D r ? s ? D rY i Yp p
s s s s . . . s . . . s s ? s .  . .1 2 1 pqr 2 1 pqrq1
? s . . . s s s . . . s s . . . s s s .  .  . .pq r 2 1 pqr 3 2 pqr pqry1 pqr
Lemma 3.1 .
s s s s . . . s . . . s s s s . . . s s .  .  . .1 2 1 pqr 2 1 pqrq1 pqr 2 1
? s . . . s s . . . s s s .  . .pq r 3 2 pqr pqry1 pqr
s D ? D g G Lemma 3.1 , .Y Y 9
 4  4where Y s s , s , . . . , s , s and Y 9 s s , . . . , s .1 2 pqr pqrq1 2 pqr
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If i G p q r q 2, then
2
r r rD ? s ? D s D ? s g G. .Y i Y Y ip p p
Finally,
22 2
r r r rD ? D ? D s D ? D g G. .  .Y X Y Y Xp 0 p p
 .This shows that Z A : G.A X
Proof of Theorem 1.1 for G s A . Let X : S be such that G isl X
 4  4connected. There exist r g 1, . . . , l and p g 0, 1, . . . , l y r such that
r  .X s X . Then, by Lemma 3.5, Z A is generated byp A X
D ; Y = X and D s Dy1 s s for all s g X 4Y Y s Y s
 4j s ; m s 2 for all s g Xt s , t
y1 y1j D D ; Y , Y 9 = X and D s D s D s D for all s g X . 4Y Y 9 Y s Y Y 9 s Y 9
Proof of Theorem 1.2 for G s A . Let X : S be such that G isl X
 4  4connected. There exist r g 1, . . . , l and p g 0, 1, . . . , l y r such that
r r wX s X . We set X 9 s X . Then X and X 9 are G-equivalent Pa, Theoremp 0
x  .  .4.1 and, by Lemma 3.4, Z A is generated by D Z A .A X 9 Y = X 9 Y
4. THEOREM 1.1 AND THEOREM 1.2 FOR G s Bl
 .Throughout this section, we assume that G s B l G 2 . The setsl
 4  4S s s , . . . , s and S s s , . . . , s are numbered according to Fig. 1. For1 l 1 l
 4convenience, we write D s , . . . , s instead of D if s , . . . , s g S.i i s , . . . , s 4 i i1 p i i 1 p1 p
The following Lemmas 4.1]4.9 are preliminary results to the proofs of
Theorems 1.1 and 1.2 for G s B .l
LEMMA 4.1.
D s s . . . s s s . . . s s . . . s s s . . . s .  .1 ly1 l ly1 1 2 ly1 l ly1 2
. . . s s s s . .ly1 l ly1 l
w xProof. Let w be the element of W of maximal length. By Ha ,0
w s s . . . s s s . . . s s . . . s s s . . . s . . . s s s s .  .  .0 1 ly1 l ly1 1 2 ly1 l ly1 2 ly1 l ly1 l
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is a reduced expression of w . Thus0
D s t w s s . . . s s s . . . s s . . . s s s . . . s .  .  .0 1 ly1 l ly1 1 2 ly1 l ly1 2
. . . s s s s . .ly1 l ly1 l
 . lLEMMA 4.2. D s s s . . . s .1 2 l
Proof. We prove Lemma 4.2 by induction on l.
If l s 2, then
2
D s prod s , s , 4 s s s . .  .2 1 1 2
We assume that l G 3. By Lemma 4.1,
 4D s s . . . s s s . . . s ? D s , . . . , s . .1 ly1 l ly1 1 2 l
By induction,
ly1 4D s , . . . , s s s . . . s . .2 l 2 l
If i s 2, . . . , l y 1, then
s s . . . s s s s . . . s s s s . . . s .  .  .  .i 1 l i 1 iy2 iy1 i iq1 l
s s . . . s s s s s . . . s .  .  .1 iy2 i iy1 i iq1 l
s s . . . s s s s s . . . s .  .  .1 iy2 iy1 i iy1 iq1 l
s s . . . s s s s . . . s s .  .  .1 iy2 iy1 i iq1 l iy1
s s . . . s s . .1 l iy1
Thus
iy1 iy1
s s . . . s s s . . . s s . .  .i 1 l 1 l 1
It follows that
ly1
D s s . . . s s . . . s s . . . s .  .  .1 l ly1 1 2 l
ly2s s . . . s s . . . s s . . . s s . . . s .  .  .  .1 l ly1 2 1 l 2 l
ly2s s . . . s s . . . s s . . . s s s . . . s .  .  .  .1 l ly1 3 1 l 1 2 l
2 ly3s s . . . s s . . . s s . . . s s . . . s .  .  .  .1 l ly1 3 1 l 2 l
???
ly2s s . . . s s s . . . s s . . . s .  .  .1 l ly1 1 l 2 l
ly2s s . . . s s . . . s s s . . . s .  .  .1 l 1 l 1 2 l
ls s . . . s . .1 l
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 4  4For r g 1, . . . , l and for p g 0, 1, . . . , l y r , we write
r  4X s s , s , . . . , s ,p pq1 pq2 pqr
r  4Y s s , s , . . . , s , s , . . . , s .p 1 2 p pq1 pqr
If p q r F l y 1, then, by Theorem 2.3,
y1
r r r rD ? S ? D s S . .  .Y X Y Xp 0 p p
w x rBy Pa, Theorem 4.1 , if X : S is G-equivalent to X and if p q r F l y 1,p
r  4then X s X for some q g 0, 1, . . . , l y r y 1 . If X : S is G-equivalentq
to X r and if p q r s l, then X s X r.p p
 4  4 rLet r g 1, . . . , l y 1 , let p g 0, 1, . . . , l y r y 1 , and let t g S _ X .p
 4Let q g 0, 1, . . . , l y r y 1 such that
D t , X r ? S r s S r ? D t , X r . .  .p X X pp q
Then we set
u t , X r s D r ? D t , X r ? D r . .  .p Y p Yq p
 .For X : S, we define the quasi-centralizer of A , S to beX X
QZ A , S s a g A; a ? S ? ay1 s S . .  4A X X X X
The following lemma can be proved in the same way as Lemma 3.2.
 4 r  .LEMMA 4.3. Let r g 1, . . . , l y 1 . We write X s X . Then QZ A , S0 A X X
is the subgroup of A generated by
2
rD ; 0 F p F l y r y 1 . 5Yp
r r  4j u t , X ; 0 F p F l y r y 1 and t g S _ X j D , D . 4 .p p X
 4 rLEMMA 4.4. Let r g 1, . . . , l y 1 . We write p s l y r y 1 and X s X .0
 .i If r F l y 3, then
2 y1r  4  4u s , X s D ? D ? D s , . . . , s ? D s , . . . , s , s . .l p X rq2 ly1 rq2 ly1 l
 .ii If r s l y 2, then
u s , X r s D ? D ? sy1 . .l p X l
 .iii If r s l y 1, then
u s , X r s D ? D . .l p X
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Proof. We assume that r F l y 3. The other cases can be proved in the
 .same way. Then Statement i is proved by the following sequence of
equalities.
D r ? s s s . . . s . . . s .  . .X l ly1 l pq1 lp
s s . . . s . . . s s s .  . .pq1 ly1 pq1 pq2 pq1
? s s s . . . s . . . s Lemma 3.1 .  .  . .l ly1 l pq1 l
s s . . . s ? s . . . s . . . s s s .  .  . .pq1 l pq1 ly2 pq1 pq2 pq1
? s s . . . s . . . s .  . .ly1 l pq1 l
2s s . . . s ? s . . . s . . . s s s .  .  . .pq1 l pq1 ly3 pq1 pq2 pq1
? s s s . . . s . . . s .  . .ly2 ly1 l pq1 l
???
ry1s s . . . s ? s ? s . . . s s . . . s .  .  .  . .pq1 l pq1 pq2 l pq1 l
rq1s s . . . s .pq1 l
s D r Lemma 4.2 .s 4j Xl p
s s s . . . s . . . s .  .l ly1 l pq1 l
y1
r rs D ? D .X s 4j Xp l p
y1
r rs D ? D Theorem 2.3 . .s 4j X Xl p p
s D s , X r .l p
D r ? D s , X r .Y l pp
s s . . . s . . . s s s ? s s s . . . s . . . s .  .  .  . .  .1 ly1 1 2 1 l ly1 l pq1 l
Lemma 3.1 .
s s . . . s ? s . . . s . . . s s s .  .  . .1 l 1 ly2 1 2 1
? s s . . . s . . . s .  . .ly1 l pq1 l
2s s . . . s ? s . . . s . . . s s s .  .  . .1 l 1 ly3 1 2 1
? s s s . . . s . . . s .  . .ly2 ly1 l pq1 l
???
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rs s . . . s ? s . . . s . . . s s s ? s . . . s .  .  .  . .1 l 1 p 1 2 1 pq1 l
rq1s s . . . s ? s . . . s . . . s s s .  .  . .1 l 1 py1 1 2 1
rq1  4s s . . . s ? D s , . . . , s Lemma 3.1 .  .1 l 1 py1
r  4D ? D s , s , . . . , s .Y l rq2 ly1p
s D py 1 ? D s , X py1 .Y l rq1rq 1
p  4s s . . . s ? D s , . . . , s .1 l 1 r
D s , X r ? S r .l p X p
s S r ? D s , X r .X l pp
r  4u s , X ? D s , . . . , s , s .l p rq2 ly1 l
r
r
r  4s D ? D s , X ? D ? D s , . . . , s , s .Y l p Y rq2 ly1 lp p
rq1
r 4  4s s . . . s ? D s , . . . , s ? D ? D s , . . . , s , s .1 l 1 py1 Y rq2 ly1 lp
rq1
r  4  4s s . . . s ? D ? D s , . . . , s ? D s , . . . , s , s .1 l Y rq2 ly1 rq2 ly1 lp
Theorem 2.3 .
rq1
r  4  4s s . . . s ? D ? D s , . . . , s , s ? D s , . . . , s .1 l Y rq2 ly1 l rq2 ly1p
Theorem 2.3 .
rq1 2
r  4  4s s . . . s ? D ? D s , s , . . . , s ? D s , . . . , s .  .1 l Y l rq2 ly1 rq2 ly1p
prq1 2 4  4s s . . . s ? s . . . s ? D s , . . . , s ? D s , . . . , s .  .1 l 1 l 1 r rq2 ly1
2 4s D ? D ? D s , . . . , s Lemma 4.2 . .X rq2 ly1
 4 r  .LEMMA 4.5. Let r g 1, . . . , l y 1 . We write X s X . Then QZ A , S0 A X X
is the subgroup of A generated by
2
r  4  4D ; 0 F p F l y r y 1 j s ; r q 2 F i F l j D , D . . 5Y i Xp
Proof. Let G be the subgroup of A generated by
2
r  4  4D ; 0 F p F l y r y 1 j s ; r q 2 F i F l j D , D . . 5Y i Xp
 .One can easily verify that G : QZ A , S .A X X
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 .In order to prove that QZ A , S : G, by Lemma 4.3, it suffices toA X X
 r . rshow that u s , X g G if 0 F p F l y r y 1 and s g S _ X . Using thei p i p
same arguments as those given in the proof of Lemma 3.3, one can show
 r .  .  .that u s , X g G if p q r, i / l y 1, l . If p q r s l y 1 and i s p qi p
r .r q 1 s l, then, by Lemma 4.4, u s , X g G.i p
The following lemma can be proved from Lemma 4.5 in the same way as
Lemma 3.4 is derived from Lemma 3.3.
 4 rLEMMA 4.6. Let r g 1, . . . , l y 1 . We write X s X .0
 .  .i If r s 1, then Z A is the subgroup of A generated byA X
2
1  4  4D ; 0 F p F l y 2 j s ; 3 F i F l j D , D . . 5Y i Xp
 .  .ii If r G 2, then Z A is the subgroup of A generated byA X
2 2
r  4D ; 0 F p F l y r y 1 j s ; r q 2 F i F l j D , D . 4 . 5Y i Xp
 4  4  42LEMMA 4.7. D s , . . . , s ? s ? D s , . . . , s s D ? D s , . . . , s ?1 ly1 l 1 ly1 2 ly1
 4y1D s , . . . , s , s .2 ly1 l
Proof. Using the same arguments as those given in the proof of Lemma
4.4, one can show that
 4  4D s , . . . , s ? s s s . . . s ? D s , . . . , s , .1 ly1 l 1 l 1 ly2
ly1 4  4D s , . . . , s ? D s , s , . . . , s s s . . . s . . .1 ly1 l 2 ly1 1 l
Thus
 4  4  4D s , . . . , s ? s ? D s , . . . , s ? D s , . . . , s , s1 ly1 l 1 ly1 2 ly1 l
 4  4  4s s . . . s ? D s , . . . , s ? D s , . . . , s ? D s , . . . , s , s .1 l 1 ly2 1 ly1 2 ly1 l
 4  4  4s s . . . s ? D s , . . . , s ? D s , . . . , s ? D s , . . . , s , s .1 l 1 ly1 2 ly1 2 ly1 l
Theorem 2.3 .
 4  4  4s s . . . s ? D s , . . . , s ? D s , . . . , s , s ? D s , . . . , s .1 l 1 ly1 2 ly1 l 2 ly1
Theorem 2.3 .
2 4  4  4s s . . . s ? D s , . . . , s ? D s , s , . . . , s ? D s , . . . , s .  .1 l 1 ly1 l 2 ly1 2 ly1
ly1 2 4s s . . . s ? s . . . s ? D s , . . . , s .  .1 l 1 l 2 ly1
2 4s D ? D s , . . . , s Lemma 4.2 . .2 ly1
LUIS PARIS418
 4  4LEMMA 4.8. Let r g 1, . . . , l y 1 , and let p g 0, 1, . . . , l y r y 1 . We
r  .write X s X . Then Z A is the subgroup of A generated byp A X
D ; Y = X and d s s s for all s g X 4 .Y Y
 4j s ; m s 2 for all s g Xt s , t
j D D ; Y , Y 9 = X and d s s d s for all s g X . 4 .  .Y Y 9 Y Y 9
Proof. We assume that r G 2. The case where r s 1 can be proved in
the same way.
Let G be the subgroup of A generated by
D ; Y = X and d s s s for all s g X 4 .Y Y
 4j s ; m s 2 for all s g Xt s , t
j D D ; Y , Y 9 = X and d s s d s for all s g X . 4 .  .Y Y 9 Y Y 9
 .One can easily verify that G : Z A .A X
Using the same arguments as those given in the proof of Lemma 3.5,
 .one can show that Z A is generated byA X
2
r r r r rD ? D ? D ; 0 F q F l y r y 1 j D ? s ? D ; r q 2 F i F l 4 . 5Y Y Y Y i Yp q p p p
22
r r r r r rj D ? D ? D , D ? D ? D , D . .  . 5Y Y Y X Y Yp p p 0 p p
Moreover,
2
r r rD ? D ? D g G if 0 F q F l y r y 1, .Y Y Yp q p
D r ? s ? D r g G if r q 2 F i F l and p q r , i / l y 1, l , .  .Y i Yp p
2
r r rD ? D ? D s D ? D g G, .Y Y Yp p p
22 2
r r r rD ? D ? D s D ? D g G. .  .Y X Y Y Xp 0 p p
If p q r s l y 1 and i s l G r q 2, then p G 1 and, by Lemma 4.7,
2 y1
r r  4  4D ? s ? D s D ? D s , . . . , s D s , . . . , s , s g G.Y i Y 2 ly1 2 ly1 lp p
 .This shows that Z A : G.A X
CENTRALIZERS OF PARABOLIC SUBGROUPS 419
 4 r  4LEMMA 4.9. Let r g 1, . . . , l . We write X s X s s , . . . , s .lyr lyrq1 l
 .Then Z A is the subgroup of A generated byA X
x  4D ; r F x F l j s ; 1 F i F l y r y 1 . 4X ily x
Proof. Let G be the subgroup of A generated by
x  4D ; r F x F l j s ; 1 F i F l y r y 1 . 4X ily x
 .One can easily verify that G : Z A .A X
 .Let b g Z A . By Theorem 2.7, b can be writtenA X
b s Dy2 mu . . . u u ¨ ,n 2 1
 .where m G 0, ¨ g QZ A , S , and there exists a sequence X s X ,X X 0
 .X , . . . , X s X of subsets of S such that u is an elementary X , X -1 n j j jy1
y2 m  .y2 mlconjugator for all j s 1, . . . , n. Clearly, D s D g G. By Theo-X 0k  .krrem 2.4, there exists k g Z such that ¨ s D s D g G. Let j gX Xly r
 4 w x1, . . . , n . The set X is G-equivalent to X, thus, by Pa, Theorem 4.1 ,jy1
 .X s X. By definition, there exists s g S _ X such that u s D s , X . Ifjy1 i j i
i F l y r y 1, then
u s D s , X s s g G. .j i i
If i s l y r, then
y1
rq 1u s D s , X s D ? D g G. .  . .j i X Xly ry1
 .So, b g G. This shows that Z A : G.A X
Proof of Theorem 1.1 for G s B . Let X : S be such that G isl X
connected. Let G be the subgroup of A generated by
D ; Y = X and D s Dy1 s s for all s g X 4Y Y s Y s
 4j s ; m s 2 for all s g Xt s , t
j D D ; Y , Y 9 = X and D s Dy1 s D s Dy1 for all s g X . 4Y Y 9 Y s Y Y 9 s Y 9
 4  4 rThere exist r g 1, . . . , l and p g 0, 1, . . . , l y r such that X s X . Ifp
 .p q r F l y 1, then, by Lemma 4.8, Z A s G. If p q r s l, then, byA X
 .Lemma 4.9, Z A s G.A X
Proof of Theorem 1.2 for G s B . Let X : S be such that G isl X
 4  4connected. There exist r g 1, . . . , l and p g 0, 1, . . . , l y r such that
X s X r.p
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First, we assume that p q r F l y 1. We write X 9 s X r. Then X and0
w x  .X 9 are G-equivalent Pa, Theorem 4.1 and, by Lemma 4.6, Z A isA X 9
 .generated by D Z A .Y = X 9 Y
Now, we assume that p q r s l. We write X 9 s X s X r. Then X andp
 .X 9 are obviously G-equivalent and, by Lemma 4.9, Z A is generated byA X 9
 .D Z A .Y = X 9 Y
5. THEOREM 1.1 AND THEOREM 1.2 FOR G s Dl
 .Throughout this section, we assume that G s D l G 4 . The setsl
 4  4S s s , . . . , s and S s s , . . . , s are numbered according to Fig. 1. For1 l 1 l
 4convenience, we write D s , . . . , s instead of D if s , . . . , s g S.i i s , . . . , s 4 i i1 p i i 1 p1 p
The following Lemmas 5.1]5.15 are preliminary results to the proofs of
Theorems 1.1 and 1.2 for G s D .l
LEMMA 5.1.
D s s . . . s s s s . . . s s . . . s s s s . . . s .  .1 ly2 ly1 l ly2 1 2 ly2 ly1 l ly2 2
. . . s s s s s s . .  .ly2 ly1 l ly2 ly1 l
w xProof. Let w be the element of W of maximal length. By Ha ,0
w s s . . . s s s s . . . s s . . . s s s s . . . s .  .0 1 ly2 ly1 l ly2 1 2 ly2 ly1 l ly2 2
. . . s s s s s s .  .ly2 ly1 l ly2 ly1 l
is a reduced expression of w . Thus0
D s t w s s . . . s s s s . . . s s . . . s s s s . . . s .  .  .0 1 ly2 ly1 l ly2 1 2 ly2 ly1 l ly2 2
. . . s s s s s s . .  .ly2 ly1 l ly2 ly1 l
 .LEMMA 5.2. i If l is e¨en, then
lr2
D s s , . . . , s s s . . . s s . .  . .1 ly2 ly1 1 ly2 l
 .ii If l is odd, then
 .ly1 r2
D s s . . . s s s . . . s s s . . . s s . .  .  . .1 ly2 ly1 1 ly2 l 1 ly2 ly1
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Proof. We prove Lemma 5.2 by induction on l.
If l s 4, then, by Lemma 5.1,
D s s s s s s s s s s s s s .  .  .1 2 3 4 2 1 2 3 4 2 3 4
s s s s s s s s s s s s s .  .  .  .1 2 3 4 1 2 1 4 3 2 3 4
s s s s s s s s s s s s s .  .1 2 3 1 4 2 4 1 2 3 2 4
s s s s s s s s s s s s s .  .  .1 2 3 1 2 4 2 1 2 3 2 4
s s s s s s s s s s s s s .  .  .1 2 3 1 2 4 1 2 1 3 2 4
s s s s s s s s s s s s s . .  .  .  .1 2 3 1 2 4 1 2 3 1 2 4
Now, we assume that l G 5 and that l is odd. The case where l is even
can be proved in the same way.
By Lemma 5.1,
 4D s s . . . s s s s . . . s ? D s , . . . , s , s , s . .1 ly2 l ly1 ly2 1 2 ly2 ly1 l
By induction,
 .ly1 r2 4D s , . . . , s , s , s s s . . . s s s . . . s s . .  . .2 ly2 ly1 l 2 ly2 ly1 2 ly2 l
Using the same arguments as those given in the proof of Lemma 4.2, one
can show that, if i s 2, . . . , l y 1, then
s s . . . s s s s . . . s s s . .  .i 1 ly2 ly1 1 ly2 ly1 iy1
Similarly, if i s 2, . . . , l y 2, then
s s . . . s s s s . . . s s s . .  .i 1 ly2 l 1 ly2 l iy1
Thus, if 2 F i F l y 1 and i is even, then
 .iy2 r2
s ? s . . . s s s . . . s s s . . . s s .  .  . .i 1 ly2 ly1 1 ly2 l 1 ly2 ly1
 .iy2 r2s s . . . s s s . . . s s s . . . s s ? s . .  .  . .1 ly2 ly1 1 ly2 l 1 ly2 ly1 1
If 3 F i F l y 1 and i is odd, then
 .iy1 r2
s ? s . . . s s s . . . s s .  . .i 1 ly2 ly1 1 ly2 l
 .iy1 r2s s . . . s s s . . . s s ? s . .  . .1 ly2 ly1 1 ly2 l 1
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It follows that
D s s . . . s s ? s s . . . s .  .1 ly2 l ly1 ly2 1
 .ly2 r2
? s . . . s s s . . . s s .  . .2 ly2 ly1 2 ly2 l
s s . . . s s ? s s . . . s ? s . . . s s .  .  .1 ly2 l ly1 ly2 2 1 ly2 ly1
 .ly3 r2
? s . . . s s s . . . s s s . . . s s .  .  . .2 ly2 l 2 ly2 ly1 2 ly2 l
s s . . . s s ? s s . . . s ? s . . . s s ? s .  .  .1 ly2 l ly1 ly2 3 1 ly2 ly1 1
 .ly3 r2
? s . . . s s s . . . s s s . . . s s .  .  . .2 ly2 l 2 ly2 ly1 2 ly2 l
s s . . . s s ? s s . . . s .  .1 ly2 l ly1 ly2 3
? s . . . s s s . . . s s .  .1 ly2 ly1 1 ly2 l
 .ly3 r2
? s . . . s s s . . . s s .  . .2 ly2 ly1 2 ly2 l
???
 .ly3 r2s s . . . s s ? s ? s . . . s s s . . . s s .  .  . .1 ly2 l ly1 1 ly2 ly1 1 ly2 l
? s . . . s s ? s . . . s s .  .1 ly2 ly1 2 ly2 l
 .ly3 r2s s . . . s s ? s . . . s s s . . . s s .  .  . .1 ly2 l 1 ly2 ly1 1 ly2 l
? s . . . s s ? s ? s . . . s s .  .1 ly2 ly1 1 2 ly2 l
 .ly1 r2s s . . . s s s . . . s s s . . . s s . .  .  . .1 ly2 l 1 ly2 ly1 1 ly2 l
 4  4For r g 1, . . . , l y 1 and for p g 0, 1, . . . , l y r y 1 , we write
r  4X s s , s , . . . , s ,p pq1 pq2 pqr
r  4Y s s , s , . . . , s , s , . . . , s .p 1 2 p pq1 pqr
 4For r g 1, . . . , l y 1 and for p s l y r, we write
r  4X s s , s , . . . , s , s ,p p pq1 ly2 l
r  4Y s s , s , . . . , s , s .p 1 2 ly2 l
If r F l y 2, then, by Theorem 2.3,
y1
r r r rD ? S ? D s S . .  .Y X Y Xp 0 p p
w x r rBy Pa, Theorem 4.1 , if X : S is G-equivalent to X , then X s X forp q
 4some q g 0, 1, . . . , l y r .
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 4  4 rLet r g 1, . . . , l y 2 , let p g 0, 1, . . . , l y r , and let t g S _ X . Letp
 4q g 0, 1, . . . , l y r such that
D t , X r ? S r s S r ? D t , X r . .  .p X X pp q
Then we set
u t , X r s D r ? D t , X r ? D r . .  .p Y p Yq p
As in Sections 3 and 4, for X : S, we define the quasi-centralizer of
 .A , S to beX X
QZ A , S s a g A; a ? S ? ay1 s S . .  4A X X X X
The following lemma can be proved in the same way as Lemma 3.2.
 4 r  .LEMMA 5.3. Let r g 1, . . . , l y 2 . We write X s X . Then QZ A , S0 A X X
is the subgroup of A generated by
2
rD ; 0 F p F l y r . 5Yp
r r  4j u t , X ; 0 F p F l y r and t g S _ X j D , D . 4 .p p X
 4 rLEMMA 5.4. Let r g 1, . . . , l y 2 . We write p s l y r y 1 and X s X .0
 .i If r F l y 3 and l q r is odd, then
2 y1r  4  4u s , X s D ? D ? D s , . . . , s , s ? D s , . . . , s , s , s . .l p X rq2 ly2 ly1 rq2 ly2 ly1 l
 .ii If r F l y 3 and l q r is e¨en, then
2 y1r  4  4u s , X s D ? D ? D s , . . . , s , s ? D s , . . . , s , s , s . .l p X rq2 ly2 l rq2 ly2 ly1 l
 .iii If r s l y 2, then
u s , X r s D ? D . .l p X
Proof. We assume that r is odd, that l is even, and that r F l y 3. The
other cases can be proved in the same way.
Then Lemma 5.4 is proved by the following sequence of equalities.
D r ? s s s s s s . . . s . . . s s .  .  . .X l ly2 ly1 ly3 ly2 l pq1 ly2 lp
s s . . . s s s . . . s . . . s s s .  .  . .pq1 ly2 ly1 pq1 ly2 pq1 pq2 pq1
? s s s s s s . . . s . . . s s .  .  . .l ly2 ly1 ly3 ly2 l pq1 ly2 l
Lemma 3.1 .
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s s . . . s s s . . . s s .  .pq1 ly2 ly1 pq1 ly2 l
? s . . . s . . . s s s .  . .pq1 ly3 pq1 pq2 pq1
? s s s s s . . . s . . . s s .  .  . .ly2 ly1 ly3 ly2 l pq1 ly2 l
s s . . . s s s . . . s s s . . . s s .  .  .pq1 ly2 ly1 pq1 ly2 l pq1 ly2 ly1
? s . . . s . . . s s s .  . .pq1 ly4 pq1 pq2 pq1
? s s s . . . s . . . s s .  . .ly3 ly2 l pq1 ly2 l
???
 .ry1 r2s s . . . s s s . . . s s ? s .  .  . .pq1 ly2 ly1 pq1 ly2 l pq1
? s . . . s s s . . . s s .  . .pq2 ly2 ly1 pq1 ly2 l
 .rq1 r2s s . . . s s s . . . s s .  . .pq1 ly2 ly1 pq1 ly2 l
s D r Lemma 5.2 .s 4j Xl p
s s s s s s . . . s . . . s s .  .  .l ly2 ly1 ly3 ly2 l pq1 ly2 l
y1
r rs D ? D .X s 4j Xp l p
y1
r rs D ? D Theorem 2.3 . .s 4j X Xl p p
s D s , X r .l p
D r ? D s , X r .Y l pp
s s . . . s s s . . . s . . . s s s .  .  . .1 ly2 ly1 1 ly2 1 2 1
? s s s s s s . . . s . . . s s .  .  . .l ly2 ly1 ly3 ly2 l pq1 ly2 l
Lemma 3.1 .
s s . . . s s s . . . s s ? s . . . s . . . s s s .  .  .  . .1 ly2 ly1 1 ly2 l 1 ly3 1 2 1
? s s s s s . . . s . . . s s .  .  . .ly2 ly1 ly3 ly2 l pq1 ly2 l
s s . . . s s s . . . s s s . . . s s .  .  .1 ly2 ly1 1 ly2 l 1 ly2 ly1
? s . . . s . . . s s s .  . .1 ly4 1 2 1
? s s s . . . s . . . s s .  . .ly3 ly2 l pq1 ly2 l
???
 .ry1 r2s s . . . s s s . . . s s s . . . s s .  .  . .1 ly2 ly1 1 ly2 l 1 ly2 ly1
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? s . . . s . . . s s s ? s . . . s s .  .  . .1 p 1 2 1 pq1 ly2 l
 .rq1 r2s s . . . s s s . . . s s .  . .1 ly2 ly1 1 ly2 l
? s . . . s . . . s s s .  . .1 py1 1 2 1
 .rq1 r2  4s s . . . s s s . . . s s ? D s , . . . , s .  . .1 ly2 ly1 1 ly2 l 1 py1
Lemma 3.1 .
r  4D ? D s , s , . . . , s , s .Y l rq2 ly2 ly1p
s D py 1 ? D s , X py1 .Y l rq1rq 1
pr2  4s s . . . s s s . . . s s ? D s , . . . , s .  . .1 ly2 ly1 1 ly2 l 1 r
D s , X r ? S r s S r ? D s , X r Theorem 2.3 . .  .l p X X l pp p
r  4u s , X ? D s , . . . , s , s , s .l p rq2 ly2 ly1 l
r
r
r  4s D ? D s , X ? D ? D s , . . . , s , s , s .Y l p Y rq2 ly2 ly1 lp p
 .rq1 r2
r 4s s . . . s s s . . . s s ? D s , . . . , s ? D .  . .1 ly2 ly1 1 ly2 l 1 py1 Yp
 4?D s , . . . , s , s , srq2 ly2 ly1 l
 .rq1 r2
rs s . . . s s s . . . s s ? D .  . .1 ly2 ly1 1 ly2 l Yp
 4?D s , . . . , s , srq2 ly2 ly1
 4?D s , . . . , s , s , s Theorem 2.3 .rq2 ly2 ly1 l
 .rq1 r2
rs s . . . s s s . . . s s ? D .  . .1 ly2 ly1 1 ly2 l Yp
 4?D s , . . . , s , s , srq2 ly2 ly1 l
 4?D s , . . . , s , s Theorem 2.3 .rq2 ly2 ly1
 .rq1 r2
rs s . . . s s s . . . s s ? D .  . .1 ly2 ly1 1 ly2 l Yp
 4?D s , s , . . . , s , s .l rq2 ly2 ly1
2 4?D s , . . . , s , srq2 ly2 ly1
 .rq1 r2s s . . . s s s . . . s s .  . .1 ly2 ly1 1 ly2 l
pr2
? s . . . s s s . . . s s .  . .1 ly2 ly1 1 ly2 l
2 4  4?D s , . . . , s ? D s , . . . , s , s1 r rq2 ly2 ly1
2 4s D ? D ? D s , . . . , s , s Lemma 5.2 . .X rq2 ly2 ly1
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 4 rLEMMA 5.5. Let r g 1, . . . , l y 2 . We write X s X .0
 .  .i If r F l y 3, then QZ A , S is the subgroup of A generated byA X X
2
r  4  4D ; 0 F p F l y r j s ; r q 2 F i F l j D , D . . 5Y i Xp
 .  .ii If r s l y 2, then QZ A , S is the subgroup of A generated byA X X
2
r  4D ; 0 F p F 2 j D , D . . 5Y Xp
Proof. We assume that r F l y 3. The case where r s l y 2 can be
proved in the same way.
Let G be the subgroup of A generated by
2
r  4  4D ; 0 F p F l y r j s ; r q 2 F i F l j D , D . . 5Y i Xp
 .One can easily verify that G : QZ A , S .A X X
 .In order to prove that QZ A , S : G, by Lemma 5.3, it suffices toA X X
 r . rshow that u s , X g G if 0 F p F l y r and s g S _ X .i p i p
Since the case p s l y r is the same as the case p s l y r y 1, we may
assume that p F l y r y 1. Using the same arguments as those given in
 r .  .the proof of Lemma 3.3, one can show that u s , X g G if p q r, i /i p
 .l y 1, l . If p q r s l y 1 and i s p q r q 1 s l, then by Lemma 5.4,
r .u s , X g G.i p
The following lemma can be proved from Lemma 5.5 in the same way as
Lemma 3.4 is derived from Lemma 3.3.
 4 rLEMMA 5.6. Let r g 1, . . . , l y 2 . We write X s X .0
 .  .i If r s 1, then Z A is the subgroup of A generated byA X
2
1  4  4D ; 0 F p F l y 1 j s ; 3 F i F l j D , D . . 5Y i Xp
 .  .ii If 2 F r F l y 3, then Z A is the subgroup of A generated byA X
2 2
r  4D ; 0 F p F l y r j s ; r q 2 F i F l j D , D . 4 . 5Y i Xp
 .  .iii If r s l y 2, then Z A is the subgroup of A generated byA X
2 2
rD ; 0 F p F 2 j D , D . 4 . 5Y Xp
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LEMMA 5.7.
 4  4D s , . . . , s , s ? D s , . . . , s , s1 ly2 ly1 1 ly2 l
2 y1 4  4s D s , . . . , s , s ? D ? D s , . . . , s , s , s .2 ly2 ly1 2 ly2 ly1 l
Proof. We assume that l is even. The case where l is odd can be
proved in the same way.
Using the same arguments as those given in the proof of Lemma 5.4,
one can show that
 4  4D s , . . . , s , s ? D s , s , . . . , s , s .1 ly2 l l 2 ly2 ly1
 .ly2 r2s s . . . s s s . . . s s s . . . s s . .  .  . .1 ly2 l 1 ly2 ly1 1 ly2 l
Moreover, by Lemma 3.1,
 4  4D s , . . . , s , s s D s , . . . , s , s ? s . . . s s . .1 ly2 ly1 2 ly2 ly1 1 ly2 ly1
Thus
 4  4  4D s , . . . , s , s ? D s , . . . , s , s ? D s , . . . , s , s , s1 ly2 ly1 1 ly2 l 2 ly2 ly1 l
 4  4s D s , . . . , s , s ? D s , . . . , s , s1 ly2 ly1 1 ly2 l
 4  4? D s , s , . . . , s , s ? D s , . . . , s , s .l 2 ly2 ly1 2 ly2 ly1
 4s D s , . . . , s , s ? s . . . s s ? s . . . s s .  .2 ly2 ly1 1 ly2 ly1 1 ly2 l
 .ly2 r2  4s . . . s s s . . . s s ? D s , . . . , s , s .  . .1 ly2 ly1 1 ly2 l 2 ly2 ly1
 4  4s D s , . . . , s , s ? D ? D s , . . . , s , s Lemma 5.2 .2 ly2 ly1 2 ly2 ly1
2 4s D s , . . . , s , s ? D Theorem 2.3 . .2 ly2 ly1
LEMMA 5.8.
 4  4D s , . . . , s , s ? s ? D s , . . . , s , s1 ly2 ly1 l 1 ly2 ly1
2 y1 4  4s s ? D s , . . . , s , s ? D ? D s , . . . , s , s , s .1 3 ly2 ly1 3 ly2 ly1 l
Proof. We assume that l is even. The case where l is odd can be
proved in the same way.
Using the same arguments as those given in the proof of Lemma 5.4,
one can show that
 4  4D s , . . . , s , s ? D s , s , . . . , s , s .1 ly2 ly1 l 3 ly2 ly1
 .ly2 r2s s . . . s s s . . . s s s . .  . .1 ly2 ly1 1 ly2 l 1
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Moreover, by Lemma 3.1,
 4  4D s , . . . , s , s s s . . . s s s . . . s ? D s , . . . , s . .  .1 ly2 ly1 1 ly2 ly1 1 ly2 1 ly3
Thus
 4  4  4D s , . . . , s , s ? s ? D s , . . . , s , s ? D s , . . . , s , s , s1 ly2 ly1 l 1 ly2 ly1 3 ly2 ly1 l
 4s s . . . s s s . . . s ? D s , . . . , s ? s .  .1 ly2 ly1 1 ly2 1 ly3 l
 4  4? D s , . . . , s , s ? D s , . . . , s , s , s1 ly2 ly1 3 ly2 ly1 l
 4s s . . . s s s . . . s ? s ? D s , . . . , s .  .1 ly2 ly1 1 ly2 l 1 ly3
 4  4? D s , . . . , s , s ? D s , . . . , s , s , s1 ly2 ly1 3 ly2 ly1 l
 4s s . . . s s s . . . s s ? D s , . . . , s , s .  .1 ly2 ly1 1 ly2 l 1 ly2 ly1
 4  4? D s , . . . , s , s ? D s , . . . , s , s , s Theorem 2.3 .3 ly2 ly1 3 ly2 ly1 l
 4s s . . . s s s . . . s s ? D s , . . . , s , s .  .1 ly2 ly1 1 ly2 l 1 ly2 ly1
 4  4? D s , . . . , s , s , s ? D s , . . . , s , s Theorem 2.3 .3 ly2 ly1 l 3 ly2 ly1
 4s s . . . s s s . . . s s ? D s , . . . , s , s .  .1 ly2 ly1 1 ly2 l 1 ly2 ly1
2 4  4? D s , s , . . . , s , s ? D s , . . . , s , s .l 3 ly2 ly1 3 ly2 ly1
s s . . . s s s . . . s s .  .1 ly2 ly1 1 ly2 l
 .ly2 r2
? s . . . s s s . . . s s s .  . .1 ly2 ly1 1 ly2 l 1
2 4? D s , . . . , s , s3 ly2 ly1
2 4s D ? s ? D s , . . . , s , s Lemma 5.2 .1 3 ly2 ly1
2 4s s ? D s , . . . , s , s ? D Theorem 2.3 . .1 3 ly2 ly1
 4  4LEMMA 5.9. Let r g 1, . . . , l y 2 , and let p g 0, 1, . . . , l y r . We write
r  .X s X . Then Z A is the subgroup of A generated byp A X
D ; Y = X and d s s s for all s g X 4 .Y Y
 4j s ; m s 2 for all s g Xt s , t
j D D ; Y , Y 9 = X and d s s d s for all s g X . 4 .  .Y Y 9 Y Y 9
Proof. We assume that 2 F r F l y 3. The other cases can be proved in
the same way. Since the case p q r s l is the same as the case p q r s
l y 1, we may also assume that p F l y r y 1.
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Let G be the subgroup of A generated by
D ; Y = X and d s s s for all s g X 4 .Y Y
 4j s ; m s 2 for all s g Xt s , t
j D D ; Y , Y 9 = X and d s s d s for all s g X . 4 .  .Y Y 9 Y Y 9
 .One can easily verify that G : Z A .A X
Using the same arguments as those given in the proof of Lemma 3.5,
 .one can show that Z A is generated byA X
2
r r r r rD ? D ? D ; 0 F q F l y r j D ? s ? D ; r q 2 F i F l 4 . 5Y Y Y Y i Yp q p p p
22
r r r r r rj D ? D ? D , D ? D ? D , D . .  . 5Y Y Y X Y Yp p p 0 p p
Moreover,
2
r r rD ? D ? D g G if p , q / l y r y 1, l y r .  . .Y Y Yp q p
r rD ? s ? D g G if p q r , i / l y 1, l , .  .Y i Yp p
2
r r rD ? D ? D s D ? D g G if p q r / l y 1, .Y Y Yp p p
22 2
r r r rD ? D ? D s D ? D g G. .  .Y X Y Y Xp 0 p p
If p s l y r y 1, q s l y r, and l is even, then
2
r r rD ? D ? D .Y Y Yp q p
2 4  4  4s D s , . . . , s , s ? D s , . . . , s , s ? D s , . . . , s , s1 ly2 ly1 1 ly2 l 1 ly2 ly1
2 y1 4  4s D s , . . . , s , s ? D ? D s , . . . , s , s , s2 ly2 ly1 2 ly2 ly1 l
2 4? D s , . . . , s , s2 ly2 l
y1 4? D ? D s , . . . , s , s , s Lemma 5.7 .2 ly2 ly1 l
2 2 4  4s D s , . . . , s , s ? D ? D s , . . . , s , s2 ly2 ly1 2 ly2 ly1
y1 4? D s , . . . , s , s , s2 ly2 ly1 l
y1 4? D ? D s , . . . , s , s , s Theorem 2.3 .2 ly2 ly1 l
4 y22 4  4s D s , . . . , s , s ? D ? D s , . . . , s , s , s g G2 ly2 ly1 2 ly2 ly1 l
Theorem 2.3 . .
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Similarly, if p s l y r y 1, q s l y r, and l is odd, then
2
r r rD ? D ? D .Y Y Yp q p
4 y22 4  4s D s , . . . , s , s ? D ? D s , . . . , s , s , s g G.2 ly2 ly1 2 ly2 ly1 l
If p q r s l y 1 and i s l, then
D r ? s ? D rY i Yp p
 4  4s D s , . . . , s , s ? s ? D s , . . . , s , s1 ly2 ly1 l 1 ly2 ly1
2 4s s ? D s , . . . , s , s ? D1 3 ly2 ly1
y1 4? D s , . . . , s , s , s Lemma 5.8 .3 ly2 ly1 l
g G p q 1 s l y r G 3 since r F l y 3 . .
If p q r s l y 1 and l is even, then
D r ? D ? D rY Yp p
2
rs D ? D g G Theorem 2.3 . . .Yp
If p q r s l y 1 and l is odd, then
D r ? D ? D rY Yp p
 4  4s D s , . . . , s , s ? D ? D s , . . . , s , s1 ly2 ly1 1 ly2 ly1
 4  4s D s , . . . , s , s ? D s , . . . , s , s ? D Theorem 2.3 .1 ly2 ly1 1 ly2 l
2 y1 4  4s D s , . . . , s , s ? D ? D s , . . . , s , s , s ? D2 ly2 ly1 2 ly2 ly1 l
Lemma 5.7 .
2 y12 4  4s D s , . . . , s , s ? D ? D s , . . . , s , s , s g G2 ly2 ly1 2 ly2 ly1 l
Theorem 2.3 . .
 .This shows that Z A : G.A X
 4For p g 0, 1, . . . , l y 2 , we write
 4Z s s , . . . , s , s , s .p pq1 ly2 ly1 l
 4LEMMA 5.10. Let p g 1, . . . , l y 3 . Then
s ? D ? s ? D s D ? D .p Z p Z Z Zp p pq1 py1
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Proof.
s ? D ? s ? Dp Z p Zp p
s s ? D ? s . . . s s s s . . . s ? s ? D .p Z pq1 ly2 ly1 l ly2 pq1 p Zpq 1 p
Lemma 5.1 .
s D ? s s . . . s s s s . . . s s ? D .Z p pq1 ly2 ly1 l ly2 pq1 p Zpq 1 p
s D ? D Lemma 5.1 . .Z Zpq 1 py1
 4 rLEMMA 5.11. Let r g 1, . . . , l y 2 . We write p s l y r y 1 and X s X .p
 .  .i If r s 1, then Z A is the subgroup of A generated byA X
2
x  4  4D ; 2 F x F l y 1 j s ; 1 F i F l y 3 j s , s . 5X i ly1 lly xy1
j D ; 0 F q F l y 3 and l y q is e¨en 4Zq
2j D ; 0 F q F l y 3 and l y q is odd . . 5Zq
 .  .ii If r G 2, then Z A is the subgroup of A generated byA X
2
x  4D ; r F x F l y 1 j s ; 1 F i F p y 1 . 5X ily xy1
j D ; 0 F q F p and l y q is e¨en 4Zq
2j D ; 0 F q F p and l y q is odd . . 5Zq
Proof. We assume that r G 2. The case where r s 1 can be proved in
the same way.
 .By Lemma 5.9, Z A is generated byA X
2
x  4D ; r F x F l y 1 j s ; 1 F i F p y 1 . 5X ily xy1
j D ; 0 F q F p and l y q is even 4Zq
j D D ; 0 F q , q9 F p and l y q , l y q9 are both odd . 4Z Zq q 9
 .It follows that Z A is generated byA X
2
x  4D ; r F x F l y 1 j s ; 1 F i F p y 1 . 5X ily xy1
j D ; 0 F q F p and l y q is even 4Zq
2j D ; 0 F q F p and l y q is odd . 5Zq
j D D ; 2 F q F p and l y q is odd . 4Z Zq qy2
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If 2 F q F p, then, by Lemma 5.10,
D D s s D s D .Z Z qy1 Z qy1 Zq qy2 qy1 qy1
 .Thus Z A is generated byA X
2
x  4D ; r F x F l y 1 j s ; 1 F i F p y 1 . 5X ily xy1
j D ; 0 F q F p and l y q is even 4Zq
2j D ; 0 F q F p and l y q is odd . . 5Zq
ly1  4LEMMA 5.12. Let X s X s s , . . . , s , s .0 1 ly2 ly1
 .  .i If l is e¨en, then QZ A , S is the subgroup of A generated byA X X
 4D, D .X
 .  .ii If l is odd, then QZ A , S is the subgroup of A generated byA X X
 2 4D , D .X
Proof. First, we assume that l is even. Let G be the subgroup of A
 4  .generated by D, D . One can easily verify that G : QZ A , S .X A X X
 .Let b g QZ A , S . By Theorem 2.7, b can be writtenA X X
b s Dy2 mu . . . u u ¨ ,n 2 1
 .where m G 0, ¨ g QZ A , S , and there exists a sequence X s X ,X X 0
 .X , . . . , X s X of subsets of S such that u is an elementary X , X -1 n i i iy1
conjugator for all i s 1, . . . , n. By Theorem 2.4, there exists k g Z such
k  4that ¨ s D . Let i g 1, . . . , n . The set X is G-equivalent to X, thus,X iy1
w x  4by Pa, Theorem 4.1 , X s X. By definition, there exists t g S _ X s siy1 l
 . y1such that u s D t, X s DD . Thusi X
ny2 m y1 k y2 mqn kynb s D DD D s D D g G. .X X X
 .This shows that QZ A , S : G.A X X
Now, we assume that l is odd. Let G be the subgroup of A generated by
 2 4  .D , D . One can easily verify that G : QZ A , S .X A X X
 .Let b g QZ A , S . By Theorem 2.7, b can be writtenA x X
b s Dy2 mu . . . u u ¨ ,n 2 1
 .where m G 0, ¨ g QZ A , S , and there exists a sequence X s X ,X X 0
 .X , . . . , X s X of subsets of S such that u is an elementary X , X -1 n i i iy1
conjugator for all i s 1, . . . , n. By Theorem 2.4, there exists k g Z such
k ly1  4  4that ¨ s D . We write X 9 s X s s , . . . , s , s . Let i g 1, . . . , n .X 1 1 ly2 l
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w xThe set X is G-equivalent to X, thus, by Pa, Theorem 4.1 , eitheriy1
X s X, or X s X 9. By definition, there exists t g S _ X such thatiy1 iy1 iy1
 .u s D t, X . Moreover,i iy1
D t , X ? S s S ? D t , X . .  .iy1 X X iy1iy1 i
If X s X, then t s s , u s DDy1, and X s X 9. If X s X 9, theniy1 l i X i iy1
t s s , u s DDy1, and X s X. Since X s X, we have u s DDy1 if ily1 i X 9 i 0 i X
y1  .is odd, u s DD , if i is even, and n is even since X s X . Thusi X n
 .nr2 ymq nr2y2 m y1 y1 k 2 kynb s D DD DD D s D D g G. . .X 9 X X X
 .This shows that QZ A , S : G.A X X
The following lemma can be proved from Lemma 5.12 in the same way
as Lemma 3.4 is proved from Lemma 3.3.
ly1  4LEMMA 5.13. Let X s X s s , . . . , s , s .0 1 ly2 ly1
 .  .i If l is e¨en, then Z A is the subgroup of A generated byA X
 2 4D, D .X
 .  .  2 2 4ii If l is odd, then Z A is the subgroup of A generated by D , D .A X X
 4LEMMA 5.14. Let p g 0, 1, . . . , l y 3 . We write X s Z . Thenp
 .QZ A , S is the subgroup of A generated byA X X
 4 2s ; 1 F i F p y 1 j D , D , D . 5i Z Xpy 1
Proof. Let G be the subgroup of A generated by
 4 2s ; 1 F i F p y 1 j D , D , D . 5i Z Xpy 1
 .One can easily verify that G : QZ A , S .A X X
 .Let b g QZ A , S . By Theorem 2.7, b can be writtenA X X
b s Dy2 mu . . . u u ¨ ,n 2 1
 .where m G 0, ¨ g QZ A , S , and there exists a sequence X s X ,X X 0
 .X , . . . , X s X of subsets of S such that u is an elementary X , X -1 n j j jy1
conjugator for all j s 1, . . . , n. Clearly, Dy2 m g G. By Theorem 2.4, there
k  4exists k g Z such that ¨ s D g G. Let j g 1, . . . , n . Since X isX jy1
w xG-equivalent to X, by Pa, Theorem 4.1 , X s X. By definition, therejy1
 .exists s g S _ X such that u s D s , X . If i F p y 1, theni j i
u s D s , X s s g G. .j i i
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If i s p, then
u s D s , X s D Dy1 g G. .j i Z Xpy 1
 .So, b g G. This shows that QZ A , S : G.A X X
 4  .LEMMA 5.15. Let p g 0, 1, . . . , l y 3 . We write X s Z . Then Z Ap A X
is the subgroup of A generated by
 4s ; 1 F i F p y 1 j D ; 0 F q F p and l y q is e¨en 4i Zq
2j D ; 0 F q F p and l y q is odd . . 5Zq
Proof. Let G be the subgroup of A generated by
 4s ; 1 F i F p y 1 j D ; 0 F q F p and l y q is even 4i Zq
2j D ; 0 F q F p and l y q is odd . . 5Zq
 .One can easily verify that G : Z A .A X
 .Now, we prove that Z A : G.A X
 .Case 1. l y p is e¨en. Let b g Z A . The element D commutesA X Zpy 1
 . 2  .2with s if 1 F i F p y 2 , with D s D , with D , and with D .i X Z Zp py1
Moreover,
s D s D s D D Lemma 5.10 , .py1 Z py1 Z Z Zpy 1 py1 p py2
thus
y1 y2y1D s D s s D D D g G. .  .  .Z py1 Z py1 Z Z Zpy 1 py1 p py2 py1
So, by Lemma 5.14, either b s b9D , where b9 g G, or b g G. SinceZpy 1
 .  .  .D f Z A Theorem 2.3 , b g G. This shows that Z A : G.Z A X A Xpy 1
 .Case 2. l y p is odd. Let b g Z A . The element D s D com-A X X Zp
 . 2 2mutes with s if 1 F i F p y 1 , with D , with D , and with D . So, byi Z Xpy 1
Lemma 5.14, either b s b9D where b9 g G, or b g G. Since D fX X
 .  .  .Z A Theorem 2.3 , b g G. This shows that Z A : G.A X A X
Proof of Theorem 1.1 for G s D . Let X : S be such that G isl X
connected. Let G be the subgroup of A generated by
D ; Y = X and D s Dy1 s s for all s g X 4Y Y s Y s
 4j s ; m s 2 for all s g Xt s , t
j D D ; Y , Y 9 = X and D s Dy1 s D s Dy1 for all s g X . 4Y Y 9 Y s Y Y 9 s Y 9
 4  4Either there exist r g 1, . . . , l y 1 and p g 0, 1, . . . , l y r such that
r  4X s X , or there exists p g 0, 1, . . . , l y 3 such that X s Z .p p
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r  4First, we assume that X s X where r g 1, . . . , l y 2 and p gp
 40, 1, . . . , l y r . Since the case p s l y r is the same as the case p s l y
 .r y 1, we may assume that p F l y r y 1. Then, by Lemma 5.9, Z AA X
s G.
ly1  4Now, we assume that X s X where p g 0, 1 . Since the case p s 1p
is the same as the case p s 0, we may assume that p s 0. Then, by
 .Lemma 5.13, Z A s G.A X
 4Finally, we assume that X s Z where p g 0, 1, . . . , l y 3 . Then, byp
 .Lemma 5.15, Z A s G.A X
Proof of Theorem 1.2 for G s D . Let X : S be such that G isl X
 4  4connected. Either there exist r g 1, . . . , l y 1 and p g 0, 1, . . . , l y r
r  4such that X s X , or there exists p g 0, 1, . . . , l y 3 such that X s Z .p p
r  4First, we assume that X s X where r g 1, . . . , l y 2 and p gp
 4 r0, 1, . . . , l y r . We write X 9 s X . Then X and X 9 are G-equivalentlyry1
w x  .Pa, Theorem 4.1 and, by Lemma 5.11, Z A is generated byA X 9
 .j Z A .Y = X 9 Y
ly1  4Now, we assume that X s X where p g 0, 1 . Since the case p s 1p
is the same as the case p s 0, we may assume that p s 0. We write
X 9 s X s X ly1. Then X and X 9 are obviously G-equivalent and, by0
 .  .Lemma 5.13, Z A is generated by j Z A .A X 9 Y = X 9 Y
 4Finally, we assume that X s Z where p g 0, 1, . . . , l y 3 . We writep
X 9 s X s Z . Then X and X 9 are obviously G-equivalent and, by Lemmap
 .  .5.15, Z A is generated by j Z A .A X 9 Y = X 9 Y
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